It has been observed in [20] that the physical states of the ADM formulation of 4D Einstein gravity holographically reduce and can be described by a 3D language. The main theme of the present work is two 4D covariance issues. A proper handling of the trace piece of the fluctuation metric through gauge-fixing is the key to one of the covariance issues. Although the unphysical character of the trace piece has been long known, it has not been taken care of in a manner suitable for the Feynman diagram computations. As for the second covariance issue, a renormalization program can be carried out covariantly to any loop order at intermediate steps, thereby maintaining the 4D covariance; it is only at the final stage that one should consider the 3D physical external states. With the physical external states, the 1PI effective action reduces to 3D and renormalizability is restored just as in the entirely-3D approach of [25] . Paying a careful attention to the trace piece of the fluctuation metric we revisit the one-loop two-point renormalization, and in particular outline one-loop renormalization of the Newton's constant.
Introduction
There have been several different efforts over an extended period to quantize gravity [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] and the search for the true degrees of freedom of a gravitational theory has a similarly long history. Notably, it was stated in [14] that the true dynamical degrees of freedom of the gravitational field are associated with certain hypersurfaces of the spacetime under consideration. Several related discussions can be found in [15] [16] [17] .
The holographic characteristic is also present in the 't Hooft's observation on the black hole's degrees of freedom and AdS/CFT type dualities. With the motivation of better understanding the AdS/CFT type dualities and inspiration from the work of [18] , a variation of dimensional reduction technique -"dimensional reduction to a hypersurface of foliation" -was introduced in [19] . In general, one gets to study lower dimensional subsectors of the original theory by manually reducing the theory to lower dimensions. (This remains true for dimensional reduction to a hypersurface of foliation in general except that the reduction is not manual but induced by gaugefixing.) The ADM formalism utilized in the manner in [19] led to complete gauge fixing of (almost) all undynamical fields, which in turn led to "spontaneous" (as opposed to manual) dimensional reduction of the original theory to a hypersurface [20] . Unlike the manual dimensional reduction, one does not lose the physical degrees of freedom of the original theory since one still covers the whole physical sector of the original theory, which in turn is due to the fact that the spontaneous reduction is brought along by gauge-fixing.
It was observed in [20] that the physical state space reduces to 3D at the level of the classical analysis.
1 (A related linear-level analysis can be found in an earlier work of [22] .) A canonical operator quantization was then outlined. Based on the mathematical observation discussed in detail in [23] and [24] , we believe that the reduction of the physical states is a property of a globally hyperbolic spacetime and is independent of a gauge choice.
1 This holographic property may appear different from that of AdS/CFT type dualities in that the gauge theory degrees of freedom in the latter may seem alien to the original gravity system whereas the "dual" degrees of freedom in the former are "akin" to the original gravity theory. This is not the case: in the both the cases the dual holographic degrees of freedom are part of the original gravity theory. The real difference is that in the present case they are directly visible in the sense that they do not require any transformation to become visible whereas the gauge degrees of freedom in AdS/CFT become visible after a certain "dualization process" involving the Hamilton-Jacobi formalism [18] [21] .
The present work will also present a slightly improved understanding of the issue of gauge-choice independence of the reduction; we will have more in the conclusion.
Comparison of the present quantization scheme with the pre-existing approaches should be useful. Various reductions in the true degrees of freedom were reported in the past in [14] [15] [16] [17] , all of which employed the usual 3+1 splitting in which the genuine time coordinate was separated out. For instance, it was observed in [14] that the spacelike hypersurface specified up to a conformal factor can be taken as the true degrees of freedom. In [15, 16] it was shown that the reduced Hamiltonian was given by the volume of a certain hypersurface after Hamiltonian reduction was carried out on a class of 4D manifolds with certain topological restrictions. The present and related works [20, [23] [24] [25] tackle not only the issue of the true degrees of freedom but also the issue of quantization of gravity. Also, a 3+1 splitting with one of the spatial directions separated out was employed. For quantization, one should deal with the constraints, the so-called spatial diffeomorphism and Hamiltonian constraints. How to solve the diffeomorphism constraint has been one of the major obstacles in the gravity quantization. In our works in which the Lagrangian formalism was adopted, these constraints were called the shift vector and lapse function constraints, respectively, and were explicitly solved. The implication of the solution of the shift vector constraint has been brought out in [23, 24] by foliation theory. Throughout these works the strategy for reduction has been removal of all of the unphysical degrees of freedom from the external states. One of the key observations for the reduction was the fact that the residual 3D gauge symmetry can be employed to gauge away the non-dynamical fields such as the lapse function and shift vector. This is in addition to the standard bulk gauge-fixing. A detailed discussion of the 3D residual symmetry can be found in [25] .
Coming back to the present scheme of qunatization, there exist different quantization approaches depending on the level of covariance. One may maintain only the 3D covariance throughout by adopting, as in [20] , the canonical operator method and the corresponding path integral. In this work, we adopt a method that is "largely" covariant: the off-shell degrees of freedom will be four-dimensional whereas the on-shell physical states will explicitly be taken as three-dimensional. More specifically, we first compute the counterterms for the Green's functions by the standard but refined background field method and obtain the 4D covariant 1PI effective action. We employ a traceless propagator to properly take care of the unphysical mode, the trace piece of the fluctuation metric.
2 (Our method is different from that of [26] .) This turns out to be a crucial point missed in the literature: in the literature the covariance of the terms in the 1PI action was presumed and their coefficients were subsequently determined. Our analysis reveals that the presence of the trace piece is incompatible with the covariance. We consider amplitudes in which the external states are physical states, thus "three-dimensional." The effective action corresponding to such amplitudes can be obtained by setting the fields in the original effective action to be the "three-dimensional" physical fields.
When computing the off-shell 1PI action, we apply the background field method (BFM) in a manner that manifests the 4D covariance in spite of the fact that the action has been expanded around a fixed physical background (such as a flat spacetime). The conventional way of applying the BFM leads to non-covariant forms of the counterterm and this problem is known in the literature. (See, e.g., ch. 3 of [27] .) The refined application of the BFM is one of the new ingredients of the present work and the precise method will be explained below. Although the BFM is applied in such a way to restore the 4D covariance, the resulting counterterms still turn out to be inexpressible in terms of the covariant quantities. Interestingly, this pathology seems to originate from the problem noticed in [28] [26] some time ago: the trace piece of the fluctuation metric. (See further comments below.) After computing the off-shell 1PI action, we distinguish the renormalization of the S-matrix and that of the general off-shell Green's functions, and narrow down to the former. Choosing only the physical states to be the external legs corresponds to setting the fields in the effective action to be three-dimensional, which is according to the standard LSZ procedure. All of the Riemann tensor terms appearing in the effective action reduce to the well-known expression in terms of the Ricci tensor and metric. In other words, the whole effective action can now be expressed in terms of the 3D Ricci tensor and metric. With this one can introduce, as well known [29] , a metric field redefinition to absorb the counterterms and thereby establish renormalizability of the original 4D action. (Therefore, the renormalizability is more complicated than the usual cases in that it requires a field redefinition that is unnecessary in a simply renormalizable theory in which only shifts in the parameters are required.)
Although the refined application of the BFM, which led to a (supposedly) clear understanding of the problem encountered in [25] with regards to why the analysis therein was not compatible with the 4D covariance, was initially expected to yield a covariant effective action, it turns out it does not. The root of the problem is the pre-loop divergence, observed in [31] [28] [26] , caused by the presence of an unphysical gauge-mode, the trace piece of the fluctuation metric. While the issue must be genuine, it has not been clear in the literature where in the actual computations the pathology arises. In other words, it appears that one bypasses the problem in the usual manner of applying the BFM. In the refined BFM, in which expansion of the action around a fixed background is considered, one actually sees the problem arise in a manner not observed before as we will analyze in detail below. The pathology can be cured and the crux of the solution lies in removal of the unphysical degrees of freedom: once the trace part of the fluctuation metric is separated out and removed, 3 the 4D covariance results.
The rest of the paper is organized as follows.
We start by reviewing two things: determination of the physical states and the background field method. In section 2.1, the reduction of the physical states is shown without employing the full set of nonlinear de Donder gauge and therefore the present account is a slightly improved version of the reduction analyses of [20] or [24] . The reduction of the physical states obviously raises a 4D covariance issue which is one of the two covariance issues that we address in this work. As for the background field method, we pay careful attention to the way that the covariant background field method reorganizes the Feynman diagrams associated with the action expanded around a given background. The key feature of our refined background field method is the "double"-shift given in (5) . As a matter of fact, essentially the same technique had been employed in [33] . We illustrate all these and subsequent ideas by revisiting one-loop two-point amplitudes [34] [35] [36] . For renormalization, we first follow the off-shell 4D covariant method and compute the off-shell effective action in section 3; we employ the traceless propagator in order to address the other covariance issue and thereby effectively remove the trace piece of the fluctuation metric. As demonstrated in section 3.1, one can easily see the pathology of the trace piece by examining the ghost sector covariance. (See also Appendix B.) One gets a variety of 4D-covariant counterterms prior to using the set of constraints laid aside until that point. Once the gauge-fixing and the lapse and shift constraints are used, 4 the effective action reduces to 3D, as we will show in section 4. All of the infinite number of couplings will become inessential since it is possible to absorb them by a field redefinition. We then outline renormalization of the coupling constant. The final section has our conclusion and future directions.
Setup for holographic quantization
In this section we set the stage for 4D-covariant holographic quantization, a task that will be taken up in the next section. Here we first review the analysis carried out in the previous works [20, 24, 25] in which the physical states were identified. Afterwards we review the BFM with an emphasis on how to utilize it in the setup of the action expanded around a given background in such a way as to not lose the 4D covariance. We stress the necessity of employing the traceless propagator [32] [20] and double-shift technique, (5) [33] [25] . We also solve the puzzle 5 encountered in [25] in which the one-loop counterterms for the action expanded around a flat background were not expressible in terms of covariant quantities.
It may be useful to describe the strategy in a little more detail at this point to remain oriented. The BFM that we employ is the standard one with a refined interpretation. In the standard BFM, one considers
4 The gauge-fixing method of the present work has recently been generalized to a black hole background in [30] . 5 The one-loop two-point counterterms were computed in [25] with the following field redefinition introduced by [37] :
below we repeat the amplitude/counterterm computation of [25] without this field redefinition. In one of the footnotes of [25] , we speculated that it might be this field redefinition that causes the problem. This is not the case: we have repeated the analysis without (1) and encountered the same puzzle. The upshot of the solution of the puzzle is that one must apply the BFM in the manner explained below and remove the trace part of the fluctuation metric.
and integrates out the fluctuation field h µν to get a covariant expression of g B µν . The 4D covariance is maintained, which is a great advantage for many things such as establishing renormalizability. However, if one considers perturbation around a fixed physical background g 0µν (such as, e.g., a flat or black hole spacetime), one expands the theory around g 0µν :
One can compute various loop diagrams and will encounter divergences. Then one can determine the counterterms by making another shift:
and integrating out h µν with the fields g B µν serving as external lines. Indeed, this was how the one-loop counterterms for 2-point amplitudes were obtained in [25] with g 0µν a flat background. The counterterms were not covariant and could not be expressed in terms of covariant quantities.
To solve the puzzle (see also the comments below (21)), we apply the BFM by considering the following shift [33] [25]
and basically treating g B µν + g 0µν as one piece in the manner explained in detail below. The reason for considering this form of the shift is two-fold. We need to establish renormalizability, and for that the background covariance is absolutely essential. Secondly, renormalization of the gravity will involve perturbative analysis around a given background for which again our refined BFM will be useful. In other words, we apply the BFM in the way we have applied here because we want to accomplish two things at the same time: establishing renormalizability and an actual perturbative analysis around a given background.
determination of physical states
With any theory, determination of the physical states is an essential part of the quantization procedure. It is especially true for the present case because we propose to focus on the Feynman diagrams with the physical external legs. We review the analysis in [20] by following a slightly different route; the result will be critical in the next section. Consider the 4D Einstein-Hilbert action
and quantization in the operator formalism. We split the coordinates into
where µ = 0, .., 3 and m = 0, 1, 2. By parameterizing the 4D metric [38] [39] in the the 3+1 split form, one gets
where n and N m denote the lapse function and shift vector respectively. The action takes
with the second fundamental form given by
where L ∂ 3 denotes the Lie derivative along the vector field ∂ x 3 and ∇ m is the 3D covariant derivative constructed out of γ mn . The shift vector and lapse function are non-dynamical and their field equations are
The trace part of the metric field equation reads
Combining this with (12) , one has
The second equality then leads to K mn K mn = 0 which in turn implies
after Wick rotation and selection of a gauge K = 0, N m = 0. To recapitulate, since all of the gauge freedom is used, the number of the physical components is fixed, prior to considering the lapse constraint, to be two. Any additional constraint that would reduce independent components, therefore, should not arise from the lapse constraint. The only way of ensuring this is the reduction in the coordinate dependence, which will make the K mn K mn term "identically" vanish. At this point one can legitimately go to the Euclidean space by a Wick rotation; it follows [20, 30] that K mn = 0. Therefore, the physical states of a global spacetime that admits such a gauge choice are reduced to 3D. 6 A similar result was obtained in [22] at the linear level some time ago.
computation of counterterms through BFM
Although the BFM is usually employed for maintaining covariance at each step of the renormalization procedure, it does not need to be limited to that purpose. The method can be employed regardless of the covariance just to efficiently compute the effective action (especially its counter term portion), and this was how the method was employed in [25] . However, covariance is an invaluable asset in establishing renormalizability. Below we discuss a way of applying the BFM in a manner that preserves covariance even after expanding the action around a fixed background. The analysis leads to a solution of the puzzle (after taking one additional subtlety into account) encountered in [25] . We realize in retrospect that 4D covariance was sought in [25] in a formulation where the covariance was obscured. We stress that there is a way to apply the BFM to accomplish both goals of maintaining the covariance and efficiently computing the counterterms. The additional subtlety is the one addressed in [31] , [28] and [26] . Although the pathology that these authors observed has not been detected in 6 Although K = 0 is motivated by one of the four nonlinear components of the de Donder gauge, it may be possible to view it as a gauge choice independent of the de Donder gauge. It is at the quantum level of the fluctuation fields that one considers Wick rotation; K mn K mn = 0 will admit 4D configurations at the classical level. (There is a subtlety: the Schwarzschild solution, for example, does not satisfy K mn K mn = 0. This issue has been carefully addressed in [30] .) More refined and generalized analysis of the present subsection can be found in [40] . The pathology manifests in such a way that the presence of an unphysical mode makes the path integral divergent and non-covariant. We will see that omission of the trace piece of the fluctuation metric through gauge-fixing brings the anticipated 4D covariance at the level of the off-shell 1PI effective action. Let us illustrate the pertinent issues by taking the scalar λζ 3 theory,
In the standard background field method, one computes the counterterms by shifting
Once one integrates out ζ with the background field ζ B placed in the external lines as shown, e.g., in Fig 1. , the counterterms for the one-loop two-point diagram are obtained. We emphasize that the counterterms thus obtained are suitable for cancelling the one-loop divergence produced by perturbation around the zero-vacuum ζ = 0. One may consider a nonzero constant 8 vacuum ζ = ζ 0 and expand the theory (15) around this vacuum:
This Lagrangian will have one-loop divergence, and one can again compute the counterterms by employing the BFM; shift the action (17) 
and integrate out the ζ field with the background field ζ B becoming external lines. The computation of [25] (and some works in the past) was done analogously. Not all is well since this way the 4D covariance was obscured.
We now get to the way of applying the BFM both to effectively compute the counterterms and to maintain covariance even when considering a nonzero background. Let us introduce
for convenience; (18) can be written as
Now suppose we use (18) This simple observation on the external lines provides the solution to the puzzle encountered in [25] . Let us take the actual system of our interest, the gravity action. One can shift the metric and integrate out h µν with the background fieldg B µν appearing on the external lines (see Fig.3 ). The resulting 1PI effective action will be covariant function ofg B µν (≡ ϕ B µν +g 0µν ). (Since this was not how the analysis was carried out in [25] , the covariance got obscured.) The resulting action would be covariant in normal (i.e., non-gravitational) circumstances. However, there is another subtlety in a gravitational case: the presence of the unphysical mode, in particular the trace part of the fluctuation metric. Its presence interferes with the covariance as we will see shortly. It is possible to carry out the perturbation theory by adopting a traceless propagator, one of whose effects is removal of the trace part, which is essentially a gauge-fixing [30] , from the effective action. We turn to the details of this analysis.
4D covariant off-shell effective action
With all of the ingredients reviewed, we can now carry out the one-loop renormalization. One can set aside the fact that more and more counterterms arise as the order of the loop becomes higher, and just patiently obtain all of the counterterms at each order. Suppose one has obtained the 4D covariant 1PI action to the desired order. One can then substitute the physical state constraints. (For perturbation, we should linearize 9 the constraint equations but still keep the 3D characteristics.) The resulting expression will contain all the physical pieces of information. Doing things off-shell at the path integral level would just make the form of the 4D 1PI action more complicated compared with [20, 25] , in which one carries out things entirely in the 3D sense. However, this additional complexity will be absorbed by a field redefinition that will be implemented after substituting the constraints in the effective action.
Consider the Einstein action
where κ 2 = 16πG with G being Newton's constant; κ 2 will be suppressed in this section. By shifting the metric according to
one obtains [36] 10
The fields with a tilde are the background quantities; the ghost action is given by
Here and (24) only the one-loop pertinent terms have been kept. 9 This is in the spirit of the footnote † on page 33 (ch. 15) of [41] . 10 The convention of [36] is such that R µν ≡ R κ µνκ whereas ours is R µν ≡ R 
removal of trace part of metric
As mentioned previously, several authors had pointed out in the past the problem caused by the presence of unphysical components of the fluctuation metric.
One can see the manifestation of the problem in the present setup by taking a detailed look at the kinetic part of the ghost sector:
Its contributions to the effective action, in particular the counterterms, are expected to come out in background-covariant forms. As we have pointed out, the usual analysis is formal and does not seem to properly address the pathological divergence observed in [28] and [26] . We show below that the presence of the trace piece of the fluctuation metric indeed causes problems: it ruins the covariance. For the complete evaluation of the counterterms from (26), one should integrate out the ghost fields with the full propagator. Instead of attempting the full evaluation at one stroke, one may perturbatively produce the full result by carrying out path integrals around a flat spacetime to the desired order. In other words, if we perturbatively produce the result, say, to the second order in the fields, we are "probing" the full result to the second order. (One can of course go to higher orders.) Let us first expand the metricg µν around a flat spacetime:g µν ≡ ϕ µν + η µν (27) where we have omitted the letter B from ϕ B µν . The kinetic ghost action (26) takes
The counterterms for the diagrams in Fig.4 (b) can be computed; naively, the result is anticipated to be 4D covariant. In other words, it will be given by the following expression expanded to the second order in fields:
with some numerical coefficients a 1 , a 2 . It turns out that the result is not precisely of this form: the terms containing the trace (i.e., ϕ ≡ η µν ϕ µν ) destroy the covariance. Once one sets ϕ = 0, which can be effectively achieved by employing the traceless propagator, the result takes the covariant form given in (29) .
The details are as follows. In the position space, the correlator to be computed is given by
It can be grouped into
The counterterms can be isolated from the divergent parts; we found (as in [25] , we employ a Mathematica package xAct'xTensor' for numerical tensor manipulations)
where the parameter is related to the total spacetime dimension d by
The total counter term Lagrangian from this sector is given by the sum of these contributions:
Upon setting ϕ = 0, this becomes
On account of
(35) can be written
4D covariant 1-loop counterterms
In the previous subsection we have examined a part of the ghost sector to illustrate how the pathology noted in [26, 28, 31] arises in actual computations. In this subsection we compute the graviton sector counterterms and complete the rest of the ghost sector, thereby obtaining the full counterterm action (51) below. By expanding (24) one gets
where
These vertices come from the first line of (24) 11 whereas the vertex L V III is just the second line:
For the complete one-loop two-point amplitude one should consider the following correlator:
One can show that the obviously covaraint correlator < L
V III
> is given by
where the first equality is due to our use of the traceless propagator. After some algebra, one gets
For the other two correlators we present here the computation employing the traceless propagator; the computation employing the traceful propagator can be found in one of the appendices. 12 The first correlator in the right hand side of (41) 
The result of the second correlator is
The total graviton contribution therefore is
The analysis for the ghost sector is parallel. The total ghost contribution would be obtained by integrating out the ghost fields with the full propagator. It should be possible to perturbatively produce the result by carrying out path integrals around a flat spacetime to the desired order. To the quadratic order for example, we can compute the following correlator with the flat spacetime propagator:
Part of this computation has been carried out in the previous section. After some tedious steps, one gets,
and
One gets, after setting ϕ = 0,
The total one-loop counterterms therefore are given by the sum of (46) and (50):
This result is different from the well-known result in [34] for the reasons already stated: the present result has been obtained by using the traceless propagator which in turn has been motivated to remedy the pathology observed [26, 28, 31] by gauging away the trace piece of the fluctuation metric.
Renormalization of S-matrix
We have established in the previous section that the counterterms for the one-loop two-point amplitude can be expressed in terms of 4D covariant quantities. The renormalization procedure can be carried out to any order once only the physical external states are considered, since then the Riemann tensors in the effective action reduce to 3D and can be expressed in terms of the 3D Ricci tensor and metric. With the status of the renormalizability settled, it is only a matter of explicitly conducting the procedure. Here, we revisit one-loop renormalization of the metric that is accompanied by a field redefinition and outline one-loop renormalization of the coupling constant.
13
13 At one-loop, the Riemann appears in the form of R µνρσ R µνρσ and there is a wellknown identity:
reduction of 1PI action
In this subsection, we discuss one of the central steps for establishing higher loop renormalizability, i.e., reduction of the 4D covariant effective action to 3D. The 1PI action in the previous section has been obtained by considering off-shell external states. Whereas it is not necessary to distinguish renormalization of the off-shell effective action from that of the S-matrix in a non-gravitational gauge theory (since it is renormalizable at the off-shell level anyway), this is not the case for a gravity theory. We show that Einstein gravity is renormalizable in a covariant approach (despite of the well-known fact that there appear infinite number of counterterms) once one considers only the physical external states. Consider physical external states; as we have reviewed in section 2.1, they are three-dimensional. We can impose various constraints at the level of the 1PI effective action. (For this, we find the general field theory accounts in ch. 7 and 10 of [42] useful.) Although it should be possible to keep the discussion more abstract at the level of general LSZ reduction procedure by following, e.g., [43] we will instead consider a specific example.
We illustrate the idea by analyzing one of the terms in the ghost sector action (28):
The divergence of the one-loop two-point correlator from this vertex is given by
where l 1 , l 2 denote the off-shell 4-momenta. The contribution to the S-matrix of the physical two-point is obtained by removing the external propagators
The renormalizability can be established without making use of the reduction of the 1PI action to 3D. However, this is special for one-loop; for higher loops one will need to make use of it.
through the standard LSZ reduction procedure:
where (m, n, r, s) denote the 3D polarization indices and p 1 the on-shell 3-momentum. Applying the BFM, the counterterms can be shown to be
Consider reduction of the coordinate dependence to 3D
where ∂ 2 is now three-dimensional. One can easily check that the contribution of this counter term action to the S-matrix cancels the divergence given in (55) after Wick rotation. (Note that dx 0 = (2π)δ(0) [41] .)
renormalization by field redefinition
Once the effective action reduces to 3D, one can renormalize the metric by a field redefinition [29] . For one-loop, it is the identity given in (52) that brings the renormalizability through a field redefinition that we review now. One should follow similar steps in the 3D language in order to establish higher loop renormalizability.
14 Let us consider (22) and the following metric redefinition (the tildes have been omitted),
14 In other words, one reduces things according to (" (3) " denotes the 3D quantities)
and use the following relation
mr )g (3) ns − (R
ms )g
ns )g (3) ms − (R
nr )g (3) ms (59) the action becomes
Therefore the counterterms (51) can be absorbed by choosing c 1 , c 2 appropriately:
These equations yield
outline of 1-loop renormalization of κ
With the counterterms for the one-loop two-point amplitudes determined, we are now in a position to tackle renormalization of the coupling constant. The counterterms in (51) also contribute as the counterterms to one-loop three-point amplitudes shown in Fig.5 . One should compute the one-loop three-point divergence and see whether the aforementioned counterterms are sufficient to remove it. (There are of course ghost loop diagrams to take into account as well; these diagrams will be technically demanding even with help of a computer code.) Unless there is unexpected cancellation, chances are that they will not be sufficient. Then it would be necessary to renormalize the three-point vertex coming from the Einstein-Hilbert action itself; this will be an indication of a need to renormalize the Newton's constant.
Conclusion
A "holographic quantization" of the ADM formulation of 4D Einstein gravity was proposed in [20, 23, 25] in which a precise identification of the hypersurface of the dynamic degrees of freedom was made with help from the ADM formulation of a non-conventional 3+1 splitting. Carrying out renormalization entirely within a 3D description was proposed therein. In this work we have established, through a 4D covariant approach, renormalizability of the S-matrix based on reduction of the 1PI effective action to 3D. Once only the physical external states are considered, all the fields including the Riemann tensor are reduced to 3D. With the 4D Riemann tensor reduced to 3D, the effective action becomes expressible in terms of the 3D Ricci tensor and metric, which then leads to renormalizability through a metric field redefinition. Doing things in the entirely 3D way as proposed in [20, 25] and doing things 4D covariant way up to a certain point as in the present work should be viewed just as two different renormalization procedures. Presumably they will yield the same results when it comes to physical quantities. Not surprisingly, 4D covariance has played an important role in establishing renormalizability in the present context. We have addressed two different covariance issues. The first covariance issue was due to the fact that one considers expansion around a fixed background, and the covariance could be restored by applying the BFM in a refined manner. The key was to realize that the following two shift procedures are inequivalent. The first procedure is: shift g µν = η µν + h µν and then expand the action. Subsequently make another shift by h µν → ϕ B µν + h µν . This is intrinsically a non-covariant approach and was how the computations were done in [25] . The second approach -the proper one for covariance -is to expand g µν = η µν + ϕ B µν + h µν and treat η µν + ϕ B µν as one-piece. Then obtain (24) but now by viewing the background metric as η µν + ϕ B µν . With this, the counterterms have indeed resulted in covariant forms.
The second covariance issue was more obvious: the use of 3D language to describe 4D physics creates tension with 4D covariance. The crucial step for establishing 4D covariance is to impose the lapse and shift constraint not directly on the starting Lagrangian but rather as the physical state conditions once the off-shell 1PI effective action is obtained. Then the action in the path integral takes the covariant form. The reduction to 3D has taken place at the level of the 1PI action once the external legs are physical states, thus three-dimensional. In other words, the integration is carried out in the full 4D sense; it is the reduction procedure associated with the amplitudes with physical external states that has brought the reduction to 3D.
As a matter of fact, one may further push a question along this line. The question is basically that of gauge-choice independence. (A further discussion can be found in [30] .) The reduction to 3D seems to depend on our choice of the gauge. Would it be possible to see the reduction with a different choice of gauge? If possible, such a gauge-choice could make things even more covariant. We believe that this question is largely a question on the naturalness of the ADM formalism. As one can see from the review in section 2.1, the reduction of the classical solution to 3D can be established simply by solving the field equations without employing the nonlinear de Donder gauge. The ADM formalism is absolutely natural if one considers a globally hyperbolic spacetime, and many of the physically interesting spacetimes are indeed globally hyperbolic. One may still ask whether it would be possiblefor the purpose of making things more covariant -not to solve the constraints explicitly but rather to impose them as constraints throughout. We believe that such an approach will, at best, encounter the type of difficulties that we present in the section "independent path integral approach" in [25] or perhaps something even worse.
One of the future directions is to explicitly carry out the coupling constant renormalization. (It would be more desirable to employ more ingredients from the BRST quantization.) Another direction is to extend the analyses of [20] [25] and of the present work to the case of a black hole spacetime. 15 We will report on this in the near future.
A Conventions
The signature is mostly plus: The following shorthand notations were used:
The 4D graviton and ghost propagators are given by
where, for the traceless propagator, P µνρσ ≡ 1 2 (η µρ η νσ + η µσ η νρ − 1 2 η µν η ρσ ) (A.6)
B Pathology associated with the traceful propagator
In the main body it was shown that the counter terms turn out to be covariant once the traceless propagator is used. In contrast, use of the traceful propagator yields results that cannot be re-written in covariant forms. The diagonal kinetic term yields
The cross term result is
Neither of these can be re-expressed in a covaraint form. Each term should come out to be covariant if there were no pathology: the pathology must be caused by the trace piece of the fluctuation metric.
